The study of the electrical double layer lies at the heart of soft matter physics and biophysics. Here, we address the effects of the image charges on the double layer structure and forces. For electrolyte solutions between two neutral plates, we show that depletion of the salt ions by the image charge repulsion results in short-range attractive and long-range repulsive forces. If cations and anions are of different valency, the asymmetric depletion leads to the formation of an induced electrical double layer. In comparison to a 1:1 electrolyte solution, both the attractive and the repulsive parts of the interaction are stronger for the 2:1 electrolyte solution. For two charged plates, the competition between the surface charge and the image charge effect can give rise to like-charge attraction and charge inversion. These results are in stark contrast with predictions from the Poisson-Boltzmann theory. © 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
The study of the electrical double layer resulting from a charged surface is at the heart of colloid and interface sciences. [1] [2] [3] [4] [5] [6] [7] [8] Standard textbook theories of the electrical double layer are based on the Poisson-Boltzmann (PB) theory, a mean-field theory that describes a system in terms of the mean electrostatic potential and the average concentration of the mobile ions. At large surface-charge density, high counterion valency, and high ion concentration -the so-called strong coupling limit -the PB theory fails to capture a number of qualitative effects observed in experiments and simulation, such as like-charge attraction [9] [10] [11] [12] [13] and charge inversion. [14] [15] [16] [17] [18] In this regime, integral-equation methods 19, 20 and other strongcoupling theories 24 have been employed to account for the strong interionic correlations. Under weak-coupling conditions, it is generally accepted that the electrical double layer is well described by the PB theory. [21] [22] [23] [24] [25] [26] However, a number of phenomena involving double layers under the weakcoupling conditions, such as the long-range electrostatic attraction between two neutral plates, 27 the slow ion transport in the ion channels, 28, 29 and salt effects on bubble coalescence in water, 30, 31 cannot be explained, even qualitatively, by the PB theory.
An obvious effect missing in the PB theory is the self energy of the mobile ions. 32 The self energy consists of a local contribution due to the interaction between the ion and the local dielectric medium and a long-range contribution arising from the fluctuation in the electrostatic potential around the test ion. For systems with dielectric discontinuity, which is commonplace because of the much lower dielectric constant of air, lipid membranes, and colloidal particles (ε ∼ 1) than that of the aqueous solution (ε ∼ 80), the distortion of the electrostatic potential at the interface known as the image charge effect is an important component of the self energy. The image charge effect plays a key role in the surface tension of electrolyte solutions [33] [34] [35] [36] [37] and the adsorption of polyelectrolytes. 38 Here, we examine the electrical double layer structure and forces between two neutral or like-charged plates by accounting for the image charge effects under weak-coupling conditions. For neutral surfaces, we show that the image charge effect results in depletion of the ions near the surface, which gives rise to short-range attraction and long-range repulsion between the plates. If cations and anions are of different valency, the unequal depletion induces charge separation and generates an electrostatic potential. For two like-charged plates, we predict like-charge attraction and charge inversion as a result of the competition between the surface charge and the image charge effect. All these results are in stark contrast with predictions from the usual PB theory.
We considered two parallel plates of infinite thickness of dielectric constant ε P , immersed in an electrolyte solution, of dielectric constant ε S , separated by a distance D. We set x = 0 at the mid-plane between the two plates, so the two plate surfaces are located at x = ±D/2. Following the standard model for electrical double layer, the surfaces of the two plates are taken to have a smeared-out charge density σ (σ = 0 for a neutral surface). Mobile cations and anions are taken as point particles with charge z + e and z − e, respectively. The electrolyte solution between the two plates (referred to as the "inner solution" hereafter) is connected with an "outer" bulk reservoir of concentration c b ± . Each mobile ion in the solution generates an infinite series of image charges because of the dielectric discontinuity as illustrated in Figure 1 .
II. THEORY
We treat the electrostatics of our system in the framework of the weak-coupling theory, 32, [39] [40] [41] which accounts for the leading fluctuation effects in an electrolyte solution. This theory treats the physical weak-coupling condition (low surface charge density, low valency of ions, and low ion concentrations), which can be derived either through a cluster expansion 39 or a variational approach. 32 We comment that the term "weak-coupling theory" used in this work is different from the meaning associated by some researchers in the electrolyte community with that in the work of Netz. 23 Netz considered the counterion-only system by treating the fluctuation effects through a systematic perturbation expansion using the coupling parameter ≡ 2πz 3 l 2 B σ s , where z is the counterion valency, l B is the Bjerrum length, and σ s is the surface charge density. Netz showed that the mean-field PB theory is the leading order theory for small and becomes exact in the limit of → 0. Applying the Netz approach explicitly to a surface with dielectric discontinuity, Kanduč and Podgornik 26 arrived at a similar result, concluding that the image force only enters as a correction to the leading PB theory. In the weak-coupling theory we employ here, the fluctuation effect on the ion distribution and free energy is treated selfconsistently and nonperturbatively, leading to the appearance of the image force effect in the Boltzmann factor. In our theory, we find no limiting condition for which PB theory is valid for the system we consider.
The weak-coupling theory used in this work involves two approximations: First, the hierarchy of multi-ion correlation functions is closured at the two-body level, known as the Loeb closure, 42 and second, the fluctuation part of the electrostatic potential treated at the Debye-Hückel level 43 -the interaction between a test charge with its own fluctuation part of the electrostatic potential gives rise to a self-energy that includes the image charge interaction. The weak-coupling theory has also been formulated more systematically using field-theoretical method by a renormalized Gaussian-fluctuation variational approach, 32, 44 which yields a set of self-consistent equations for the mean electrostatic potential ψ(r), the correlation function (Green function) G(r, r ), and the self energy u ± (r) of mobile ions. These self-consistent equations are derived in Ref. 32 for a general system of ions with charge distribution function h ± (r − r ) in a spatially varying dielectric medium, which, for the present two-plate system, takes the following form:
where the spatially varying ε(r) is
ρ ex (r) = σ δ(x ± D/2) denotes the surface charge density at the two plate surfaces and (r) is a step-like function to confine the mobile ions within the region between two plates:
and λ ± is the fugacity of cations and anions determined from the salt concentration in the outer bulk reservoir. I(r) in Eq. (2) is the local ionic strength,
with the number concentration of cations and anions c ± (r) given by
The appearance of the self energy in the Boltzmann factor reflects the nonlinear feedback effects of the fluctuation in the renormalized Gaussian variational approach, an aspect that was missing in a perturbation expansion. [21] [22] [23] 26 A detailed and in-depth discussion of this point will be given in a future publication.
Inside the semi-infinite plate
), Eq. (1) is simplified to the Laplace equation ε 0 ε P ∇ 2 ψ(r) = 0, which yields a constant ψ in this region due to the requirement that ψ remain finite as x → ±∞. Integrating Eq. (1) across an infinitesimally thin region enclosing the dielectric interface generates the boundary condition as n · ∇ψ = −σ /ε 0 ε S where n is the unit outward normal of the plate surface. The self energy given by Eq. (3) is the reversible work required to assemble the given charge distribution on an ion at the spatial location r by bringing in the constituent charges from an infinitely dispersed state, where the interaction is zero. This is a unified expression that includes the Born energy of the ion, the interaction between the ion and its ionic atmosphere, as well as self-interaction due to the distortion of the electric field by a spatially varying dielectric function, the latter taking the form of image charge interaction near a sharp dielectric discontinuity. For a spatially inhomogeneous medium, a finite charge distribution in the ion results in a finite value for the short-range part of the self energy in the form of a local Born solvation energy. 32 Since the solvent in the gap has a uniform dielectric constant, the Born energy amounts to a constant shift in the reference chemical potential. It is then more convenient to take the point-charge limit h ± (r − r ) = δ(r − r ). Then Eq. (3) is simplified to
G(r, r).
The point-charge limit produces a diverging self energy of the ion, which can be regularized by subtracting the same-point Green function in the bulk, as done in Ref. 44 . The finite part of the self energy that only includes the image charge and interaction with other ions is now
Equations (1)- (3) constitute a complete set of equations for describing the electrostatics of our system, the general solution of which requires extensive numerical calculation. To avoid solving the high-dimensional Green function, Buff and Stillinger 40 proposed an approximate solution to Eq. (2) based on the WKB (Wentzel-Kramers-Brillouin) approximation: the Green function is first solved for a constant ionic strength, but in the resulting expression the ionic strength is replaced by its local value that depends on the local ion concentrations. With the approximate G(r, r ), the self energy can be written as a function of the one-dimensional coordinate x along the normal of the plate surface in the following form:
where
with f = (ε S − ε P )/(ε S + ε P ) representing the dielectric discontinuity. κ(r) = [2I(r)/ε 0 ε S ] 1/2 is the inverse of the local screening length. The first term in the self energy accounts for the local ionic atmosphere surrounding the test ion at the level of the Debye-Hückel theory. 43 The second term represents the accumulated effects of interaction from all the image charges generated by a test ion. In our case f > 0, so all image-charge interactions are repulsive.
In the outer bulk reservoir, ψ is set to zero. From Eq. (5) (5), and (7) iteratively, we obtain the mean electrostatic potential ψ(x) and the ion distribution c ± (x). Finally, the grand potential per area is constructed as
is the fluctuation contribution obtained by the charging method. 41, 45 The force per unit area between the two plates is given by p = −(∂G/∂D) λ ± − p b , where p b is the bulk osmotic pressure.
III. ION DEPLETION AND DEPLETION FORCE
We first study the behavior of equal-valency cations and anions (z + = z − ) between two neutral plates. Because the cation and anion have equal self energy in this case, there is no charge separation, and the mean electrostatic potential is everywhere zero. However, from Eq. (7), the image charge repulsion increases the self energy of ions in the inner solution, and consequently ions are depleted to the outer bulk solution (i.e., c(x) < c b ). The image charge effect is stronger near the interface and as the separation distance D decreases; see Figures 2(a)-2(c) . The depletion is nearly complete close to the interface and when the gap is sufficiently small. In contrast, the PB theory predicts a trivial uniform ion concentration of the bulk value. The 
. Note that D 1 increases with decreasing ε S and is independent of the salt concentration. In the limit of large separation, the higher order image charge effect from the opposing surface becomes negligible compared to the first image charge of the ion; this defines a length scale D 2 , which to leading order is given by the screening length
, the image charge effect is restricted to a depletion layer of thickness D 2 /2 from the plate surface (see Figure 2 (c)), and the mid-plane concentration approaches the bulk value. Intermediate separation is defined by D 1 < D < D 2 , where the image charge interaction affects the entire region between the two plates but the mid-plane concentration is not too much lower than the bulk value; see Figure 2 
(b).
Ion depletion leads to an attractive well at short distances. The bottom of the well, of depth 2c b extends to separation D 1 , beyond which the attraction decays with the scale of the screening length; see Figure 2 (f). Interestingly, on this length scale and beyond, the interaction becomes repulsive as shown in the inset. This phenomenon can be understood from the ion profile at large separation: while the middle portion of the profile has reached the bulk plateau, the thickness of the depletion layer still shrinks slightly with increasing separation because of the decaying influence of higher order image charges. Thus, increasing D by δD in plate separation brings more than 2c b δD ions per plate area to the inner solution from the reservoir, which gives rise to the repulsive force between the two plates. We note that a similar behavior and explanation were given in the work of Tamashiro and Pincus 57 who pointed out that the transition of the depletion force from short-range attraction to long-range repulsion is a result of the disappearance of the overlapping of the depletion layer. However, their work used the PB theory; the depletion free energy used in their work was introduced artificially and extraneously without resorting to an explicit physical origin. The force profile shown in Figure 2 (f) has also previously been reported by Bell and Levine. 41 Our work provides the first study of the ion profiles and analysis of the length scales for the image-charge induced depletion.
IV. ASYMMETRIC DEPLETION AND INDUCED ELECTRICAL DOUBLE LAYER
The image charge contribution to the self energy is quadratic in the valency of the ions. Thus, for an asymmetric salt with unequal valency, the distribution of the cations and anions will be different, leading to charge separation near the wall. Figure 3 from the wall than the monovalent anions, resulting in the formation of an effective double layer with a finite induced surface potential, even though there is no fixed surface charge. The induced electrostatic potential in the electric double layer (Figure 3(b) ), with the sign determined by z 2 − − z 2 + , can be understood as a response of the system to the difference in the self energy between the cations and anions so as to maintain overall charge neutrality. The situation is similar to the Galvani potential across the interface between two coexisting salt solutions and the local charge separation at the interface, 32, 48, 49 which are induced by the solvation energy difference between the cations and the anions. As shown in Figure 3 (c), the potential is stronger at smaller separation D and approaches an asymptotic value of the single surface for large D. The induced electrostatic potential depends primarily on the dielectric constants of the media and valency of the ions; it depends weakly on the bulk concentration c b as a result of screening. In comparison to a 1:1 electrolyte solution, both the attractive and the repulsive parts of the interaction are stronger for the 2:1 electrolyte solution with the same total number of ions.
Reference 57 considered unequal depletion of the cations and anions by artificially choosing two different depletion potentials respectively for the cations and anions near the surface. Although their system is for 1:1 salts, and these depletion potentials were not given an explicit physical origin, inasmuch as unequal depletion of cations an anions leads to charge separation and generates an induced surface potential, and the interaction force is attractive at short range but repulsive at long range, their results are similar to ours reported in this section.
Complex ion depletion behavior arises when the salt solution is a mixture of 1:1 electrolyte and 2:1 electrolyte. Cations of different valency are strongly correlated and their distributions markedly differ from the profiles when each electrolyte is present alone; see Figure 4 . Compared to the profiles of when each electrolyte is present alone, the concentration of monovalent cations in the gap increases while the concentration of divalent cations is considerably reduced; a large portion of divalent cations are replaced by the monovalent cations which have lower self energy.
V. LIKE-CHARGE ATTRACTION AND CHARGE INVERSION
We now consider plates whose surfaces are weakly charged. For concreteness, we take the surface charges to be positive. Here, the counterions are attracted to the surface due to Coulomb forces; however, image force repulsion is always operative and tends to exclude the counterions from the surface. The co-ions are more strongly repelled by the surface since both the surface charge and the image charge act in the same direction. The interplay between these factors leads to rich and complex behavior in the double layer structure and the interaction forces between two like-charged plates. The role of surface charge becomes more important as the surface charge density increases, while the image charge effect gets stronger with the increase of salt concentration and counterion valency.
Figures 5(a) and 5(b) show the double layer structure for a 1:1 electrolyte solution between two weakly charged surfaces at two separation distances. For small separation distances (D = 1nm), the ion concentration profiles calculated by our theory drastically differ from the PB mean-field results and are dominated by the image charge effect. Excess counterions are not accumulated at the plate surface but are instead pushed to the middle of the gap. For large D, the dominance of the image charge effect is confined to a depletion layer near the plate surface (see Figure 5(b) ). Due to the image repulsion, counterions cannot accumulate within the depletion layer, which significantly reduces the screening of the surface charge on this length scale. Beyond the depletion layer, the ion concentration profiles approach the PB mean-field results.
The PB mean-field theory predicts purely repulsive force between two like-charged plates for all separation distances. 1, 2, 25 However, by incorporating the image charge effect, the force profile (see Figures 5(c) and 5(d) ) develops an attractive well at small plate separations under conditions of small surface charge density or high salt concentration, as a consequence of the depletion of the mobile ions. Attraction between like-charged surfaces observed in experiments and simulations [9] [10] [11] [12] [13] have previously been explained by the correlation effects in the strong coupling regime due to the formation of 2D crystal-like layer of multivalent counterions in the vicinity of highly charged surfaces. 24 However, here we show that attraction can also appear under the weak-coupling condition with monovalent ions.
The competition between the surface charge and the image charge effect can give rise to another counter-intuitive phenomenon known as charge inversion. In the diffuse electrical double layer predicted by the PB mean-field theory, the local charge in the inner solution is always of the opposite sign to the surface charge regardless of the ion valency. However, if the co-ions have higher valency than the counterions, the stronger image charge repulsion for the co-ions pushes them farther away from the surface, necessitating a greater amount of counterions to fill the space in between. With the increase of salt concentration, the accumulated counterions near the plate surface may exceed the amount that is required to neutralize the surface charge, giving rise to a sign change in the local electrostatic potential. We define τ (x) = σ + 
VI. APPLICATIONS
The image charge effects elucidated in this work affect a wealth of structural and dynamic behaviors in physical chemistry, colloidal science, soft-matter, and biophysics. The increase of self energy caused by the image repulsion at small separations is closely related to the slow ion transport in ion channels where the lipid constituting the channel wall has a much lower dielectric constant than the aqueous solution. 28, 29 However, previous theories either ignore the screening effects by considering a single ion, or include the image force only on the test ion thus overestimating the screening effect. 46, 47 The dramatic suppression of divalent ion concentration in the dielectric gap in the presence of monovalent ions demonstrated in our work suggests that (1) the study of the transport of the divalent ions must consider the presence of the monovalent ions; and (2) in channels that specifically transport divalent ions, such as the calcium channel, 50, 51 there must be strong surface charge or specific ion-surface interaction to counter the image repulsion to make it favorable for the divalent ions to enter the channel. Furthermore, the image force is an important factor in any systematic theory for understanding the Jones-Ray 52, 53 and Hofmeister series 35, 54 effects for the surface tension of electrolyte solutions. In addition, the longrange repulsion between two neutral surfaces predicted by our theory provides a possible explanation to the long-standing puzzle: the effect of salts in suppressing bubble coalescence that leads to the foaminess of ocean waves. 30 Because the image force is proportional to z 2 ± , our theory also predicts that the inhibition of bubble coalescence is more effective with the ions of high valency, in agreement with the experiment results. 31 The image charge effect on the double layer of a charged surface is twofold: depletion of the ions near the surface, giving rise to an attractive component in the interaction, and reduced screening of the surface charge, leading to increased electrostatic repulsion. Neither of these effects are captured by the PB theory. However, many important model parameters in colloidal and surface sciences such as the surface charge density and Hamaker constants are obtained by fitting the experiment data to the PB theory. 1 The surface force measurements of Kekicheff and Spalla 27 raised doubt about this procedure. In light of our results, we propose that these parameters be re-examined using our improved theory to incorporate the image charge effects. Our theory also indicates that the zeta potential predicted by the PB theory is qualitatively wrong under conditions of charge inversion. The charge-inversed double layer structure should lead to reversal in the direction of the electroosmotic flow and qualitatively change the electrophoretic mobility of charged particles.
